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Abstract 

Using one-loop effective action in large N and s-wave approximation 
we discuss the possibility to induce primordial wormholes at the early Uni- 
verse. An analytical solution is found for self-consistent primordial worm- 
hole with constant radius. Numerical study gives the wormhole solution 
with increasing throat radius and increasing red-shift function. There is 
also some indication to the possibility of a topological phase transition. 
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It is a well known fact that spherical reduction of Einstein gravity (see, for 
example JTJj) leads to specific 2d dilatonic gravity which belongs to the general 
class of 2d dilatonic gravities 0. Spherical reduction of 4d matter leads to 2d 
dilaton coupled matter theories. 

Recently, 2d conformal anomaly for dilaton coupled scalars has been found 
in ref.0 (see also 0, |5|, |6|). Integrating this conformal anomaly one finds the 
anomaly induced effective action 0, ||| (in s-wave and large N approximation) 
which was written in ref . in most complete form. A wide spectrum of physical 
problems may be addressed using the above effective action. Let us only mention 
some of most interesting: anti-evaporation of multiple horizon black holes |7], || . 
Hawking radiation || in dilatonic supergravity ||, quantum cosmological models 



in dilatonic supergravity [ID|, study of semi-classical energy-momentum tensor in 
the presence of dilaton [11], etc. 

In the present work we would like to discuss one more of these physical phe- 
nomena: the appearance of spherically symmetric wormholes due to the anomaly 
induced effective action. The wormholes represent handles of topological origin. 
They may be considered as bridges joining two different Universes or two separate 



regions of the same Universe [12||. It is known that wormholes cannot occur as 



solution of classical gravity-matter theory due to violations of energy conditions 
in classical relativity |pL2| . Hence, it is natural to expect their manifestations only 
at the quantum level (or yet in the theory like Born-Infeld D-brane or M-theory, 
for review, see 



Recently, using quantum scalar stress-energy tensor calculated on spherically 



symmetric background in [14| the back reaction problem (i.e. self-consistent 



wormholes in semiclassical gravity) has been investigated in ref. |T5[ (see also 
|T6|j). It has been indeed numerically found a semiclassical quantum solution 
representing a wormhole connecting two asymptotically spatially flat regions [ |15|] . 
This result is extremely interesting and it should be verified in another models and 
(or) approximations, taking into account the fact that the approach developed in 
[fnj is not completely free from some serious drawbacks . 



In the present work we show the possibility of inducing wormholes in the 
early Universe, making use of the effective action method []T71 (large A" and s- 
wave approximation is used). 

We will start from the action of Einstein gravity with A" minimal scalars 

lr 1 N r 

S = -j*-q J d 4 x -2A) + -Y / J d 4 x g$d aXi d P Xi, (1) 

i=l 

where Xi are scalars, A" is the number of scalars (in order to apply the large A" 
approach, A" is considered to be large, N ^> 1), G and A are the gravitational 
and cosmological constants. 

The convenient choice for the spherically symmetric spacetime is the following 

one 

ds 2 = g^dafda? + e" 20 rffi, (2) 
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where fi, v = 0,1, g^ v and depend only on x°, x 1 and dfl corresponds to the 
two-dimensional sphere. 

The action ([I]), reduced according to (|2|) takes the form 



Sred = J (Pxy/^ge 



-2d> 



N 



^{R + 2(V0) 2 - 2A + 2e 2 n + ~ £(V Xi ) 2 
lo7rG 2 ~[ 



■ (3) 



Working in large iV and s-wave approximation, one can calculate the quantum 
correction to S re d (effective action). Using 2d conformal anomaly for dilaton cou- 
pled scalar, calculated in |J (see also [|, ^ [(J) one can find the anomaly induced 
effective action |4], |5| (with accuracy up to conformally invariant functional for 
the total effective action, see |T7]] for a review). There is no consistent approach 
to calculate this conformally invariant functional in closed form. However, one 
can find this functional as some expansion of Schwinger-DeWitt type keeping 
only the leading term. Then, the effective action may be written in the following 
form |, 



AT r 

w = -— d 2 xV=g 

57T J 



J R + 21n/i 2 V A 0V A 



(4) 



where A is two-dimensional laplacian, /x 2 is a dimensional parameter. Here, 
the first term represents the Polyakov anomaly induced action, the second and 
third terms give the dilaton dependent corrections to the anomaly induced action 
(these terms were found in ref. H and first discussed in connection with quantum 
gravity in ref. || , similar terms with slightly different coefficients were derived in 
ref.Q). The last term (conformally invariant functional) is found in ref. 0. Note 
that it is possible to write the action (|3|) as some non-linear cr-model with one 
loop quantum correction (f|). For this purpose, we rewrite (f|) in a local form by 
introducing auxilliary fields u and v 



W 



— f d 2 xj=g~ \—Rv - V A 0V A 0w + <PR + 21 n/ u 2 V A 0V ; 



+V x uV x v + uR 



Then in the conformal gauge g^ u = e 2p g^ ui we find 
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Sred + W 



d xa/— g 



G^X^d^d^ + R<f>{X) + T(X) 



(5) 



(6) 



where 



X 1 



{0,P,U,V,Xa} 



16nG 



-20 



N ( v 



h <t> + v 

8tt V12 v 



1 Note that recently the effective action (0) has been rederived in ref. pi 
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T(X) 



G; 



1 



16ttG 



-2Ae 2p - 2(t> + e 2p 



( 
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Working in the conformal gauge 



9±^ 



2p 







9±± = 0, 











o \ 







(7) 



(8) 



the equations of motion may be obtained by the variation of T = S re a + W with 
respect to g ±=l= , g ±T and 



-2<t> 







(2d r pd r <f) + (d r <f)) 2 - d 2 ^ 
N 



AG 

~77) { 9 rP - iP r p) 



2 V P+ 2 



12 

-j (2<9 r p<9 r - <9 2 </>) - j lnp 2 («9 r 0) 2 + iVt 



-20 



8G 



(2<9 2 - 4(<9 r 0) 2 - 2Ae 2 " + 2e 2p+2</ ' 
AT 



+^ 2 P + ^(^) 2 - T a; 



-2<p 



(-«9 2 0+(«9 r 0) 2 + <9 2 p + Ae 2 '>) 



4G 

+^{29,^)+^} + ^^^ 



(9) 



(10) 



(11) 



Here, to is a constant which is determined by the initial conditions. Below we 
are interested in the static solution that is why we replace d± — > ±|<9 r where r 
is radial coordinate. 

Combining @ and (pi]) we get 



-2(b 







(- (9 r 0) 2 + 2d r pd r - Ae 2 " + e 2 
+ ^(5,p) 2 - yp(d r 0) 2 - y9 r pS r - ^ lnp 2 («9 r 0) 2 + iVt . (12) 

This equation may be used to determine t from the initial condition, it decouples 
from the other two equations. Hence, Eq. fli"2|) is not necessary in subsequent 
analysis. 

Below, we consider a subclass of metrics (0) of the following type 

d s 2 = -e 2p dt 2 + dl 2 + e" 2 W, (13) 
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where p = p{l), = 0(7) and I is the proper distance. Note that to study exact 
solutions for matter in metrics of such sort, one can use the methods developed 



in ref.[19 



In order to come to metrics of the form (|T3|) , it is convenient to change the 
radial coordinate r to / by 

dl = e p dr . (14) 

Then we obtain 

d r = e?d l , d^e^fdf + dtpdt) . (15) 
Eqs. (|ToD and (|ll|) may be rewritten as follows 

o = (^-Ny^+^p+^-^+Ny^f 

+ l-Q- - Nj d lP d l( j> + - (-Ae- 2 ^ + l) + - («9,p) 2 , (16) 

/ p -20 \ f -20 1 -20 

-N)d?p+\ e —+N(2p + 2 In/, 2 ) d?0 - ^ W) 2 



+ I ^ + iV (2p + 2 + 2 In /i 2 ) | <9^c 



v ( , - Nj (d lP y - —A . (17) 

Our next task will be the study of Eqs. (|i~6D , (|i~7|) for the wormhole metric 
(|T3D, where the usual notations are /(/) = exp(2p) (redshift function) and r{l) = 
exp(— 0) (shape function). Actually, in our notations r(l) is always positive, this 
function gives the wormhole throat. 

First, we consider purely induced gravity, i.e. A" — > oo case. Then Einstein 
action can be dropped away. For this case, the field equations have the form 

= -^ 2 0+^ 2 p + (^0) 2 -^0+i(^p) 2 , (18) 

= dfp + (2p + a) d?<f) + (2p + 2 + a) dipdi<f> + (d lP ) 2 . (19) 

where a = 2 In p 2 . These equations admit the next integrals of motion 

h = e p (p' + (2p + a)0') (20) 
h = e 2 ^((p') 2 -3(2p + a)(0') 2 -6p'0'), (21) 

here ' = di. In our study we take the following initial conditions: 

/'(0) = r'(0) = (22) 



For the conditions fl22|) we have Iq — I\ — 0, we get the trivial solution 

p(/),0(/), r(0,/(0= const. (23) 
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This indicates the possibility of inducing wormholes with finite throat. 

For the case /g = r' = from equations fll6D -fll7D in point I = we have 

/p-20o \ at 1 / x 

= [ ^- - iVj $ + - pg + - (-Ae- 2 ^ + l) , (24) 

= -f-^--^Jpg + |^- + JV(2p b + a)|^-^-A. (25) 

Let us consider the case when A = and r(Z), /(/) are non-decreasing functions 
near point / = 0, then we have the next restrictions for p and (f> Q 

<P <-\HGN) , 

p-2</»o Q / p-2</»o \ 2 p -2</.o 

In other words, for the case A = the throat radius is 

r > VGN . (27) 



Let us consider equations (p~6|) — (P~7[) for the case when r(l) = r = const. We 
get two solutions 

1. A ^ 0, |2GiVA/3 - 2| > V3, 



r 2 = (2GNA/3 + 1 ± ^J(2GNA/3 - 2f - 3 ) /(2A), 

!(ci cosh \f~kl + c 2 sinh ^/kl) 2 , k>0 
(c 1 + c 2 l) 2 , ^ A; = 

(ci cos V— k I + C2 sin \/—k I) 2 , /c<0,with 

fc = (Ar 2 - l)/G, 
2. A = 0, 

r = /(0 = (V7o cos ^3/GiV/ + {r fj2^) sin ^3/GNlf . 

Hence we found the wormhole (as a quantum effect induced object) with a con- 
stant throat radius and increasing or decreasing redshift function f(l). This 
wormhole connects two spatial regions of spacetime. This can be viewed as a 
kind of infinitely long wormhole. 

^From another side in some above cases we get oscillating behaviour for f(l). 
This fact indicates to some instability of wormhole configuration. Hence one can 
expect that kind of topological phase transition may occur and transform the 
wormhole to some another object, like black hole. 

Let us discuss now the case when the classical gravity action is included, i.e. 
eqs.flTBD, (|T7|) but r is not constant. In this case we perform a numerical study 
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of the equations of motion. Considering for simplicity A = and ln/x 2 = 1, we 
present in figures 1. and 2. the typical result of our numerical study. The redshift 
function / increases as well as r(Z). It is interesting that qualitatively r(Z) and 



f(l) behave in the same way as in ref. |15|. In particulary, the redshift function 



does not approach to constant value at large I., hence the whole metric is not 
asymptoticaly flat. 





In these figures r = 27.1828, /„ = 2.1405 • 10" 31 , r' = f' Q = and N = 100. 

Hence, we showed that even for the whole system, i.e. classical gravity plus 
the quantum effective action due to matter, we can expect the appearance of pri- 
mordial (induced) wormholes in the early Universe. The wormhole which appears 
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as result of quantum fluctuations connects two asymptotically (flat) regions of the 
early Universe. It may be with constant or increasing throat radius. The redshift 
function maybe increasing or oscillating. It would be very interesting to general- 
ize above study for all types of quantum fields. Then one could investigate the 
connection between content of GUTs and inducing of quantum wormholes. For 
example, it may happen that SUSY GUTs better support inducing of wormholes 
as they include more fields then their non-SUSY versions. 
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